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Abstract
We examine a chain of periodic arrays of 4 quantum spins with magnitudes of 1/2, 1, 3/2 and 1. There are four kinds
of nearest-neighbour exchange parameters among them. We choose two independent parameters for concreteness:
one represents the ratio of typical exchange parameters, and the other represents a distortion. We determine the
phase diagram of the ground state in the parameter space. The phase boundaries appear as gapless lines which
separate gapful disordered phases. They are determined by the gapless equation which was previously derived by
mapping a general periodic spin chain to the nonlinear σ model.
Keywords: D. Magnetic properties; D. Phase transitions
1. Introduction
Since the discovery of cuprate superconductors,
quantum spin systems have been studied to un-
derstand the magnetic properties of their undoped
mother materials. In particular quantum spin sys-
tems with spin gap are interesting since the spin
gap is possibly related to the superconducting
gap in the doped case. Although the materials
are two-dimensional, it is basically important to
study magnetic properties of spin gap systems in
any dimensions.
In one dimension, Haldane [1] predicted that the
spin excitation spectrum of a uniform spin chain
is gapless if the magnitude of a spin is a half-odd-
integer, and is gapful if it is an integer. The pre-
diction has been confirmed theoretically and ex-
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perimentally in many standpoints. Since Haldane’s
prediction is based on a mapping of a spin Hamil-
tonian to the nonlinear σ model (NLSM), it is rec-
ognized that the NLSM is a useful tool to investi-
gate spin systems.
The NLSM has been developed for periodic in-
homogeneous spin chains. Affleck [2] derived and
examined an NLSM for a spin chain with bond al-
ternation. The application of the NLSM to spin
chains with more than one spin species in the pe-
riod of more than two lattice spacings are also con-
sidered [3,4]. In particular we have succeeded to
derive an NLSM, with accurately keeping the de-
grees of freedom of the spin variables, for a general
mixed spin chain with arbitrary finite period [4].
We applied the NLSM method to systems with
period 4 and spin species 2 (we defines the magni-
tudes as sa and sb) [5,6]. Imposing the condition
that the ground state is singlet, only the possible
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order of spinmagnitudes in a unit cell is of sa-sa-sb-
sb. We obtained phase diagrams in the parameter
space of the exchange couplings. In a few special
cases, numerical calculations have been performed
[7–9]. The phase diagrams obtained by the NLSM
are qualitatively agree with the numerical results.
In this paper we examine another mixed spin
chain with period 4 which includes three species
of spins. The sequential order of magnitudes of
spins in a unit cell is 1/2, 1, 3/2 and 1. There are
four kinds of nearest-neighbour exchange couplings
among them. If we consider a simplified case, the
exchange parameters on the both sides of a 1/2 spin
are the same value J , and those on the both sides
of a 3/2 spin are of the same value J ′. We in fact
consider the distortion of J ′ on the both sides of a
3/2 spin. We map the spin Hamiltonian describing
the spin chain to an NLSM following Ref. [4]. From
the value of the topological angle in the NLSM, we
determine the phase diagram of this model in the
space of the exchange parameters.
2. Mapping to the nonlinear σ model
The Hamiltonian for the present spin chain is
written as
H =
∑
j
(J1 S4j+1 · S4j+2 + J2 S4j+2 · S4j+3
+ J3S4j+3 · S4j+4 + J4 S4j+4 · S4j+5), (1)
where the magnitudes of S4j+1, S4j+2, S4j+3 and
S4j+4 are
(s1, s2, s3, s4) =
(
1
2
, 1,
3
2
, 1
)
. (2)
A unit cell is illustrated in Fig. 1. To reduce
the number of parameters, we restrict and
reparametrize the antiferromagnetic exchange pa-
rameters as
J1 = J4 = J, J2 =
J ′
1− γ
, J3 =
J ′
1 + γ
, (3)
1 3/2 11/2
J2 J3 J4J1
Fig. 1. A unit cell of the 1/2-1-3/2-1 spin chain.
where γ (−1 < γ < 1) is the distortion parameter
describing the asymmetry between the couplings
of the both sides of a spin with magnitude 3/2.
Following Ref. [4], we can map a general peri-
odic mixed spin chain satisfying a restriction to the
NLSM. The mapped NLSM action is given by
Seff =
∫
dτ
∫
dx
{
−i
J (0)
J (1)
m ·
(
∂m
∂τ
×
∂m
∂x
)
+
1
2aJ (1)
(
J (1)
J (2)
−
J (0)
J (1)
)(
∂m
∂τ
)2
+
a
2
J (0)
(
∂m
∂x
)2}
, (4)
where m is an O(3) unit-vector field and a is the
lattice constant. For a general spin chain with pe-
riod 2b, the constants in the action are given as
follows:
1
J (n)
=
1
2b
2b∑
q=1
(s˜q)
n
Jqsqsq+1
(n = 0, 1, 2) (5)
with accumulated spins
s˜q =
q∑
k=1
(−1)k+1sk. (q = 1, 2, · · · , 2b) (6)
The action (4) is of the standard form of the NLSM:
Sst =
∫
dτ
∫
dx
{
−i
θ
4pi
m ·
(
∂m
∂τ
×
∂m
∂x
)
+
1
2gv
(
∂m
∂τ
)2
+
v
2g
(
∂m
∂x
)2}
, (7)
where θ is the topological angle, g is the coupling
constant and v is the spin wave velocity.
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Fig. 2. The topological angle θ as a function of J ′/J for γ
= 0.0, 0.2, 0.4, 0.6, 0.8 and 1.0. The system is gapless on
the lines of θ/pi = 1 and 3 (dashed line).
In the present model, the accumulated spins (6)
are
(s˜1, s˜2, s˜3, s˜4) =
(
1
2
,−
1
2
, 1, 0
)
(8)
and then the constants (5) are calculated as
1
J (0)
=
1
J
+
1
3J ′
,
1
J (1)
=
1
4
(
1
J
+
1
3J ′
+
γ
J ′
)
,
1
J (2)
=
1
8
(
1
J
+
5
3J ′
+
γ
J ′
)
. (9)
Comparing Eq. (4) with Eq. (7), we have the
topological angle
θ = 4pi
J (0)
J (1)
= pi +
piγ
J ′
J
+
1
3
, (10)
the spin wave velocity
v =
4aJ ′√(
J ′
J
+
1
3
)(
J ′
J
+ 3
)
− γ2
(11)
and the coupling constant
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Fig. 3. The spin wave velocity v as a function of J ′/J for
γ = 0.0, 0.2, 0.4, 0.6, 0.8 and 1.0.
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Fig. 4. The coupling constant g of the NLSM as a function
of J ′/J for γ = 0.0, 0.2, 0.4, 0.6, 0.8 and 1.0.
g =
4
(
J ′
J
+
1
3
)
√(
J ′
J
+
1
3
)(
J ′
J
+ 3
)
− γ2
. (12)
These quantities are shown in Figs. 2, 3 and 4, as
functions of J ′/J for several values of γ.
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3. Phase diagram
It is well known that an NLSM has gapless exci-
tations if the topological angle θ is an odd-integer
multiple of pi. In the general periodic spin model,
this condition is turned into the gapless equation
2J (0)
J (1)
=
2l− 1
2
(13)
with arbitrary integer l. In the present case of
Eq. (10), it becomes of a simple form
γ = 2l
(
J ′
J
+
1
3
)
. (l = −1, 0, 1) (14)
The equation for each l determines a phase bound-
ary between gapful disordered phases. The re-
stricted values of integer l is due to the condition
−1 < γ < 1. In the symmetric case of γ = 0, the
system is gapless irrespective of the ratio J ′/J ,
because it satisfies Eq. (14) with l = 0.
The phase diagram of the ground state is ob-
tained by identifying the gapless lines (14) as the
phase boundaries. We show the phase diagram in
Fig. 5. There exist four phases A+, A−, B+ and
B− in the (J
′/J , γ) parameter space. The phase
structure is symmetric for γ → −γ according to
the symmetry of the Hamiltonian (1) with Eqs. (2)
and (3).
In phase B+, γ is close to 1 and J2 is selectively
large. The ground state of B+ may be explained by
a VBS picture [10]. That is, if we decompose each
spin into spins with magnitude 1/2, the ground
state is approximately a direct product of dimers.
Two dimers in a unit cell are formed between 1/2-
spins at the both sides of a coupling with exchange
parameter J2. Phase A+ is of an intermediate char-
acter and spreads over almost all area in the pa-
rameter space. The ground state of A+ does not
seem to be explained by the conventional VBS pic-
ture.
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Fig. 5. The phase diagram in the (J ′/J , γ) parameter
space (−1 < γ < 1). The phase boundaries are gapless
lines determined by Eq. (14).
4. Summary
We have examined the 1/2-1-3/2-1 spin chain
with a distortion of the exchange parameters by
using the nonlinear σ model method. We obtained
the phase diagram of the ground state in the pa-
rameter space. There exist four gapful phases. In
the case of no distortion, the system is always gap-
less and is on a phase boundary. When the distor-
tion is strong, there are two phases to be explained
by a VBS picture. It is a future work to explain
the other phases by the singlet-cluster-solid (SCS)
picture developed in Ref. [6].
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